In this paper we consider a general class of diffusion-based models and show that, even in the absence of an Equivalent Local Martingale Measure, the financial market may still be viable, in the sense that strong forms of arbitrage are excluded and portfolio optimisation problems can be meaningfully solved. Relying partly on the recent literature, we provide necessary and sufficient conditions for market viability in terms of the market price of risk process and martingale deflators. Regardless of the existence of a martingale measure, we show that the financial market may still be complete and contingent claims can be valued under the original (real-world) probability measure, provided we use as numeraire the Growth-Optimal Portfolio.
Introduction
The concepts of Equivalent (Local) Martingale Measure (E(L)MM), no-arbitrage and risk-neutral pricing can be rightfully considered as the cornerstones of modern mathematical finance. It seems to be almost folklore that such concepts can be regarded as mutually equivalent. In fact, most practical applications in quantitative finance are directly formulated under suitable assumptions which ensure that those concepts are indeed equivalent.
In recent years, maybe due to the dramatic turbulences raging over financial markets, an increasing attention has been paid to models that allow for financial market anomalies. More specifically, several authors have studied market models where stock price bubbles may occur (see e.g. [8] , [17] , [18] , [21] , [22] ). It has been shown that bubble phenomena are consistent with the classical no-arbitrage theory based on the notion of No Free Lunch with Vanishing Risk (NFLVR), as developed in [10] and [13] . However, in the presence of a bubble, discounted prices of risky assets are, under a risk-neutral measure, strict local martingales, i.e. local martingales which are not true martingales. This fact already implies that several well-known and classical results (for instance the put-call parity relation, see e.g. [8] ) of mathematical finance do not hold anymore and must be modified accordingly.
A decisive step towards enlarging the scope of financial models has been represented by the study of models which do not fit at all into the classical no-arbitrage theory based on (NFLVR). Indeed, several authors (see e.g. [7] , [11] , [18] , [24] , [30] ) have studied instances where an ELMM may fail to exist. More specifically, financial models that do not admit an ELMM appear in the context of Stochastic Portfolio Theory (see [14] for a recent overview) and in the Benchmark Approach (see the monograph [36] for a detailed account). In the absence of a well-defined ELMM, many of the classical results of mathematical finance seem to break down and one is led to ask whether there is still a meaningful way to proceed in order to solve the fundamental problems of portfolio optimisation and contingent claim valuation. It is then a remarkable result that a satisfactory theory can be developed even in the absence of an ELMM, especially in the case of a complete financial market model, as we are going to illustrate.
The present paper aims at carefully analysing a general class of diffusion-based financial models, without relying on the existence of an ELMM. More specifically, we discuss several notions of noarbitrage that are weaker than the traditional (NFLVR) condition and we study necessary and sufficient conditions for their validity. We show that the financial market may still be viable, in the sense that strong forms of arbitrage are banned from the market, even in the absence of an ELMM. In particular, it turns out that the viability of the financial market is fundamentally linked to a squareintegrability property of the market price of risk process. Some of the results that we are going to present have already been obtained, also in more general settings (see e.g. [7] , Chapter 4 of [15] , [19] , [24] , [27] and [28] ). However, by exploiting the Itô-process structure, we are able to provide simple and transparent proofs, highlighting the key ideas behind the general theory. We also discuss the connections to the Growth-Optimal Portfolio (GOP), which is shown to be the unique portfolio possessing the numeraire property. In similar diffusion-based settings, related works that study the question of market viability in the absence of an ELMM include [14] , [16] , [17] , [30] , [31] , [33] and [40] .
Besides studying the question of market viability, a major focus of this paper is on the valuation and hedging of contingent claims in the absence of an ELMM. In particular, we argue that the concept of market completeness, namely the capability to replicate every contingent claim, must be kept distinct from the existence of an ELMM. Indeed, we prove that the financial market may be viable and complete regardless of the existence of an ELMM. We then show that, in the context of a complete financial market, there is a unique natural candidate for the price of an arbitrary contingent claim, given by its GOP-discounted expected value under the original (real-world) probability measure. To this effect, we revisit some ideas originally appeared in the context of the Benchmark Approach, providing more careful proofs and extending some previous results.
The paper is structured as follows. Section 1 introduces the general setting, which consists of a class of Itô-process models satisfying minimal technical conditions. We introduce a basic standing assumption and we carefully describe the set of admissible trading strategies. The question of whether (properly defined) arbitrage opportunities do exist or not is dealt with in Section 2. In particular, we explore the notions of increasing profit and arbitrage of the first kind, giving necessary and sufficient conditions for their absence from the financial market. In turn, this lead us to introduce the concept of martingale deflators, which can be regarded as weaker counterparts to the traditional (density processes of) martingale measures. Section 3 proves the existence of an unique Growth-Optimal strategy, which admits an explicit characterization and also generates the numeraire portfolio. In turn, the latter is shown to be the reciprocal of a martingale deflator, thus linking the numeraire portfolio to the no-arbitrage criteria discussed in Section 2. Section 4 starts with the hedging and valuation of contingent claims, showing that the financial market may be complete even in the absence of an ELMM. Section 5 deals with contingent claim valuation according to three alternative approaches: real-world pricing, upper-hedging pricing and utility indifference valuation. In the particular case of a complete market, we show that they yield the same valuation formula. Section 6 concludes by pointing out possible extensions and further developments.
The general setting
Let (Ω, F , P ) be a complete probability space. For a fixed time horizon T ∈ (0, ∞), let F = (F t ) 0≤t≤T be a filtration on (Ω, F , P ) satisfying the usual conditions of right-continuity and completeness. Let W = (W t ) 0≤t≤T be an R d -valued Brownian motion on the filtered probability space (Ω, F , F, P ). To allow for greater generality we do not assume from the beginning that F = F W , meaning that the filtration F may be strictly larger than the P -augmented Brownian filtration F W .
Also, the initial σ-field F 0 may be strictly larger than the trivial σ-field. We consider a financial market composed of N + 1 securities S i , for i = 0, 1, . . . , N, with N ≤ d.
As usual, we let S 0 represent a locally riskless asset, which we name savings account, and we define the process S 0 = (S 0 t ) 0≤t≤T as follows:
where the interest rate process r = (r t ) 0≤t≤T is a real-valued progressively measurable process such that T 0 |r t | dt < ∞ P -a.s. The remaining assets S i , for i = 1, . . . , N, are supposed to be risky assets.
For i = 1, . . . , N, the process S i = (S i t ) 0≤t≤T is given by the solution to the following SDE:
where:
(ii) µ = (µ t ) 0≤t≤T is an R N -valued progressively measurable process with
and satisfying
The SDE (2) admits the following explicit solution, for every i = 1, . . . , N and t ∈ [0, T ]:
Note that conditions (ii)-(iii) above represent minimal conditions in order to have a meaningful definition of the ordinary and stochastic integrals appearing in (3) . Apart from these technical requirements, we leave the stochastic processes µ and σ fully general. For i = 0, 1, . . . , N, we denote bȳ
the discounted price process of the i-th asset, defined asS
Let us now introduce the following standing Assumption, which we shall always assume to be satisfied without any further mention.
Remark 1.1. From a financial perspective, Assumption A means that the financial market does not contain redundant assets, i.e. there does not exist a non-trivial linear combination of S 1 , . . . , S N that is locally riskless, in the sense that its dynamics are not affected by the Brownian motion W . However, we want to point out that Assumption A is only used in the following for proving uniqueness properties of trading strategies and, hence, could also be relaxed.
In order to rigorously describe the activity of trading in the financial market, we now introduce the concepts of trading strategy and discounted portfolio process. In the following Definition we only consider self-financing trading strategies which generate positive portfolio processes.
Definition 1.2.
(a) An R N -valued progressively measurable process π = (π t ) 0≤t≤T is an admissible trading strat-
We denote by A the set of all admissible trading strategies.
(b) For any (v, π) ∈ R + × A, the associated discounted portfolio processV
is defined by:
, where E (·) denotes the stochastic exponential (see e.g. [39] , Section IV.3).
The integrability conditions in part (a) of Definition 1.2 ensure that both the ordinary and the stochastic integrals appearing in (4) are well-defined. For all i = 1, . . . , N and t ∈ [0, T ], π i t represents the proportion of wealth invested in the i-th risky asset S i at time t. Consequently, 1 − π 
, for all t ∈ [0, T ]. Due to this scaling property, we shall often let v = 1 without loss of generality, denoting V π := V 1,π for any π ∈ A. By definition, the discounted portfolio processV π satisfies the following dynamics:
Remark 1.3. The fact that admissible portfolio processes are uniformly bounded from below by zero excludes pathological doubling strategies (see e.g. [26] , Section 1.1.2). Moreover, an economic motivation for focusing on positive portfolios only is given by the fact that market participants have limited liability and, therefore, are not allowed to trade anymore if their total tradeable wealth reaches zero. See also Section 2 of [7] , Section 6 of [35] and Section 10.3 of [36] for an amplification of the latter point.
No-arbitrage conditions and the market price of risk
In order to ensure that the model introduced in the previous Section represents a viable financial market, in a sense to be made precise (see Definition 2.9), we need to carefully answer the question of whether properly defined arbitrage opportunities are excluded. We start by giving the following Definition. satisfies the following two conditions:
The notion of increasing profit represents the most glaring type of arbitrage opportunity and, hence, it is of immediate interest to know whether it is allowed or not in the financial market. As a preliminary, the following Lemma gives an equivalent characterization of the notion of increasing profit. We denote by ℓ the Lebesgue measure on [0, T ]. 
Proof. Let π ∈ A be a trading strategy yielding an increasing profit. Due to Definition 2.1, the process V π is P -a.s. increasing, hence of finite variation. Equation (5) then implies that the continuous local
is also of finite variation. This fact in turn implies that π
(see e.g. [25] , Section 1.5). Since
Conversely, let π ∈ A be a trading strategy satisfying conditions (a)- (b) . Define then the process π = (π t ) 0≤t≤T as follows, for t ∈ [0, T ]:
It is clear thatπ ∈ A andπ ′ t σ t = 0 P ⊗ ℓ-a.e. and hence, due to (4), for all t ∈ [0, T ]:
Furthermore, we have thatπ ′ t (µ t − r t 1) ≥ 0, with strict inequality holding on some subset of Ω × [0, T ] with non-zero P ⊗ ℓ-measure. This implies that the processVπ = Vπ t 0≤t≤T is P -a.s.
increasing and satisfies P Vπ T > 1 > 0, thus showing thatπ yields an increasing profit.
Remark 2.3. According to Definition 3.9 in [24] , a trading strategy satisfying conditions (a)-(b) of Lemma 2.2 is said to yield an immediate arbitrage opportunity (see [12] and Section 4.3.2 of [15] for a thorough analysis of the concept). In a general semimartingale setting, Proposition 3.10 of [24] extends our Lemma 2.2 and shows that the absence of (unbounded) increasing profits is equivalent to the absence of immediate arbitrage opportunities.
The following Proposition gives a necessary and sufficient condition in order to exclude the existence of increasing profits. 
Proof. Suppose there exists an R d -valued progressively measurable process γ = (γ t ) 0≤t≤T such that condition (6) is satisfied and let π ∈ A be such that π ′ t σ t = 0 P ⊗ ℓ-a.e. Then we have:
meaning that there cannot exist a trading strategy π ∈ A satisfying conditions (a)-(b) of Lemma 2.2. Due to the equivalence result of Lemma 2.2, this implies that there are no increasing profits. Conversely, suppose that there exists no trading strategy in A yielding an increasing profit. Let us first introduce the following linear spaces, for every t ∈ [0, T ]:
Denote by Π K(σ ′ t ) the orthogonal projection on K (σ ′ t ). As in Lemma 1.4.6 of [26] , we define the process p = (p t ) 0≤t≤T by:
Define then the processπ = (π t ) 0≤t≤T by:
Since the processes µ and r are progressively measurable, Corollary 1.4.5 of [26] ensures thatπ is progressively measurable. Clearly, we have thenπ ∈ A and, by construction,π satisfies condition (a) of Lemma 2.2. Since there are no increasing profits, Lemma 2.2 implies that the following identity holds P ⊗ ℓ-a.e.:
where the first equality uses the fact that
, with the superscript ⊥ denoting the orthogonal complement. From (7) we have p t = 0 P ⊗ ℓ-a.e., meaning
e. This amounts to saying that we have:
for some γ t ∈ R d . Taking care of the measurability issues, it can be shown that we can take γ = (γ t ) 0≤t≤T as a progressively measurable process (compare [26] , proof of Theorem 1.4.2).
Let us now introduce one of the crucial objects in our analysis: the market price of risk process. 
The standing Assumption A ensures that the market price of risk process θ is well-defined 1 . From a financial perspective, θ t measures the excess return (µ t − r t 1) of the risky assets (with respect to the savings account) in terms of their volatility. 1 It is worth pointing out that, if Assumption A does not hold but condition (6) is satisfied, i.e. we have µ t − r t 1 ∈ R (σ t ) P ⊗ ℓ-a.e., then the market price of risk process θ can still be defined by replacing σ 
Remark 2.6 (Absence of increasing profits).
Note that, by definition, the market price of risk process θ satisfies condition (6). Proposition 2.4 then implies that, under the standing Assumption A, there are no increasing profits. Note however that θ may not be the unique process satisfying condition (6).
Let us now introduce the following integrability condition on the market price of risk process.
Assumption B. The market price of risk process
Remark 2.7. Let γ = (γ t ) 0≤t≤T be an R d -valued progressively measurable process satisfying condi-
This implies that, as soon as there exists some R d -valued progressively measurable process γ satisfying (6) and such that γ ∈ L 2 loc (W ), then the market price of risk process θ satisfies Assumption B. In other words, the risk premium process θ introduced in Definition 2.5 enjoys a minimality property among all progressively measurable processes γ which satisfy condition (6).
Many of our results will rely on the key relation existing between Assumption B and no-arbitrage, which has been first examined in [1] and [41] and also plays a crucial role in [12] and [29] . We now introduce a fundamental local martingale associated to the market price of risk process θ. Let us define the process Z = Z t 0≤t≤T as follows, for all t ∈ [0, T ]:
Note that Assumption B ensures that the stochastic integral θ ′ dW is well-defined as a continuous local martingale. It is well-known that Z = Z t 0≤t≤T is a strictly positive continuous local martingale with Z 0 = 1. Due to Fatou's Lemma, the process Z is also a supermartingale (see e.g. [25] , Problem 1.5.19) and, hence, we have E Z T ≤ E Z 0 = 1. It is easy to show that the process Z is a true martingale, and not only a local martingale, if and only if E Z T = E Z 0 = 1. However, it may happen that the process Z is a strict local martingale, i.e. a local martingale which is not a true martingale. In any case, the following Proposition shows the basic property of the process Z.
Proposition 2.8. Suppose that Assumption B holds and let Z = Z t 0≤t≤T be defined as in (8) . Then the following hold:
is a local martingale;
(b) for any trading strategy π ∈ A the process
is a local martingale.
Proof. Part (a) follows from part (b) by taking π ∈ A with π i ≡ 1 and π j ≡ 0 for j = i, for any i = 1, . . . , N. Hence, it suffices to prove part (b). Recalling equation (5), an application of the product rule gives:
loc (W ), this shows the local martingale property of ZV π .
Under the standing Assumption A, we have seen that the diffusion-based financial market described in Section 1 does not allow for increasing profits (see Remark 2.6). However, the concept of increasing profit represents an almost pathological notion of arbitrage opportunity. Hence, we would like to know whether weaker and more economically meaningful types of arbitrage opportunities can exist. To this effect, let us give the following Definition, adapted from [28] . Definition 2.9. An F -measurable non-negative random variable ξ is called an arbitrage of the first kind if P (ξ > 0) > 0 and, for all v ∈ (0, ∞), there exists a trading strategy
s. We say that the financial market is viable if there are no arbitrages of the first kind.
The following Proposition shows that the existence of an increasing profit implies the existence of an arbitrage of the first kind. Due to the Itô-process framework considered in this paper, we are able to provide a simple proof.
Proposition 2.10. Let π ∈ A be a trading strategy yielding an increasing profit. Then there exists an arbitrage of the first kind.
Proof. Let π ∈ A yield an increasing profit and define ξ :=V π T − 1. Due to Definition 2.1, we have
We have then:
where the second equality follows from the elementary identity exp (αx) = (exp x) α and the last inequality follows since vx
and for every v ∈ (0, 1). We have thus shown that, for every v ∈ (0, ∞), there exists a trading strategy π v ∈ A such thatV v,π v T ≥ ξ P -a.s., meaning that the random variable ξ =V π T − 1 is an arbitrage of the first kind. Remark 2.11. As we shall see by means of a simple example after Corollary 2.18, there are instances of models where there are no increasing profits but there are arbitrages of the first kind, meaning that the absence of arbitrages of the first kind is a strictly stronger no-arbitrage-type condition than the absence of increasing profits. Furthermore, there exists a notion of arbitrage opportunity lying between the notion of increasing profit and that of arbitrage of the first kind, namely the notion of strong arbitrage opportunity, which consists of a trading strategy π ∈ A such thatV We now proceed with the question of whether arbitrages of the first kind are allowed in our financial market model. To this effect, let us first give the following Definition.
Definition 2.12. A martingale deflator is a real-valued non-negative adapted process
is a local martingale for every π ∈ A. We denote by D the set of all martingale deflators. Remark 2.13. Let D ∈ D. Then, taking π ≡ 0, Definition 2.12 implies that D is a non-negative local martingale and hence, due to Fatou's Lemma, also a supermartingale. Since D T > 0 P -a.s., the minimum principle for non-negative supermartingales (see e.g. [39] , Proposition II.3.4) implies that
Note that part (b) of Proposition 2.8 implies that, as soon as Assumption B is satisfied, the process Z = Z t 0≤t≤T introduced in (8) is a martingale deflator, in the sense of Definition 2.12. The following Lemma describes the general structure of martingale deflators. Related results can also be found in [1] , [2] and [42] . 
Proof. Let us define the process L := D − is welldefined and, being adapted and left-continuous, is also predictable and locally bounded. Since D is a local martingale, this implies that the process L is well-defined as a local martingale null at 0 and we have D = E (L). The Kunita-Watanabe decomposition (see [3] , case 3) allows us to represent the local martingale L as follows: have that ∆N > −1 P -a.s. It remains to show that γ satisfies condition (6) . Let π ∈ A. Then, by using the product rule and recalling equation (5):
π is a local martingale, for every π ∈ A. This implies that the continuous finite variation term in (11) must vanish. Since D − andV π are P -a.s. strictly positive and π ∈ A was arbitrary, this implies that condition (6) must hold.
The following Proposition shows that the existence of a martingale deflator is a sufficient condition for the absence of arbitrages of the first kind. Proof. Let D ∈ D and suppose that there exists a random variable ξ yielding an arbitrage of the first kind. Then, for every n ∈ N, there exists a strategy π n ∈ A such thatV
is a positive local martingale and, hence, a supermartingale. So, for every n ∈ N:
s. Since, due to Definition 2.12, we have D T > 0 P -a.s. this implies that ξ = 0 P -a.s., which contradicts the assumption that ξ is an arbitrage of the first kind.
It is worth pointing out that one can also prove a converse result to Proposition 2.15, showing that if there are no arbitrages of the first kind then the set D is non-empty. In a general semimartingale setting, this has been recently shown in [28] (see also Section 4 of [15] and [19] in the context of continuous path processes). Furthermore, Proposition 1 of [27] shows that the absence of arbitrages of the first kind is equivalent to the condition of No Unbounded Profit with Bounded Risk (NUPBR), formally defined as the condition that the set V π T : π ∈ A be bounded in probability 2 . By relying on these facts, we can state the following Theorem 3 , the second part of which follows from Proposition 4.19 of [24] . Moreover, for every concave and strictly increasing utility function U : [0, ∞) → R, the expected utility maximisation problem of finding an element π * ∈ A such that
does not have a solution or has infinitely many solutions when any of the conditions (a)-(c) fails.
In view of the second part of the above Theorem, the condition of absence of arbitrages of the first kind can be seen as the minimal no-arbitrage condition in order to be able to meaningfully solve portfolio optimisation problems.
Remark 2.17. We have defined the notion of viability for a financial market in terms of the absence of arbitrages of the first kind (see Definition 2.9). In [30] , a financial market is said to be viable if any agent with sufficiently regular preferences and with a positive initial endowment can construct an optimal portfolio. The last part of Theorem 2.16 gives a correspondence between these two notions of viability, since it shows that the absence of arbitrages of the first kind is the minimal no-arbitrage-type condition in order to being able to meaningfully solve portfolio optimisation problems.
It is now straightforward to show that, as soon as Assumption B holds, the diffusion-based model introduced in Section 1 satisfies the equivalent conditions of Theorem 2.16. In fact, due to Proposition 2.8, the process Z defined in (8) As we have seen in Proposition 2.10, if there exist an increasing profit then there exist an arbitrage of the first kind. We now show that the absence of arbitrages of the first kind is a strictly stronger no-arbitrage-type condition than the absence of increasing profits by means of a simple example, which we adapt from Example 3.4 of [12] . Let N = d = 1, r ≡ 0 and let the real-valued process S = (S t ) 0≤t≤T be given as the solution to the following SDE:
Using the notations introduced in Section 1, we have µ t = 1/ √ t, for t ∈ [0, T ], and σ ≡ 1. Clearly, condition (6) is satisfied, since we trivially have µ t = σ t θ t , where θ t = 1/ √ t, for t ∈ [0, T ]. Proposition 2.4 then implies that there are no increasing profits.
Corollary 2.18 then implies that there exist arbitrages of the first kind 4 . We want to emphasise that, due to Theorem 2.16, the diffusion-based model introduced in Section 1 allows us to meaningfully consider portfolio optimisation problems as soon as Assumption B holds. However, nothing guarantees that an Equivalent Local Martingale Measure (ELMM) exists, as shown in the following classical example, already considered in [11] , [18] and [24] . Other instances of models for which an ELMM does not exist arise in the context of diverse financial markets, see Chapter II of [14] .
Example. Let us suppose that F = F W , where W is a standard Brownian motion (d = 1), and let N = 1. Assume that S 0 t ≡ 1 for all t ∈ [0, T ] and that the real-valued process S = (S t ) 0≤t≤T is given by the solution to the following SDE:
It is well-known that the process S is a Bessel process of dimension three (see e.g. [39] , Section XI.1). So, S t is P -a.s. strictly positive and finite valued for all t ∈ [0, T ]. Furthermore, the market price of risk process θ is given by θ t = σ −1
Since S is continuous, we clearly
s., meaning that Assumption B is satisfied. Hence, due to Corollary 2.18, there are no arbitrages of the first kind.
However, for this particular financial market model there exists no ELMM. We prove this claim arguing by contradiction. Suppose that Q is an ELMM for S and denote by Z Q = Z Q t 0≤t≤T its density process. Then, due to the martingale representation theorem (see [25] , Theorem 3.4.15 and Problem 3.4.16), we can represent Z Q as follows:
where λ = (λ t ) 0≤t≤T is a progressively measurable process such that
, is a Brownian motion under Q. Hence, the process S satisfies the following SDE under Q:
Since Q is an ELMM for S, the SDE (13) must have a zero drift term, i.e. it must be λ t = 1 St = θ t for all t ∈ [0, T ]. Then, a simple application of Itô's formula gives:
More precisely, note that the process
u du 0≤t≤T jumps to infinity instantaneously at t = 0. Hence, as explained in Remark 2.11, the model considered in the present example allows not only for arbitrages of the first kind, but also for strong arbitrage opportunities. Of course, there are instances where strong arbitrage opportunities are precluded but still there exist arbitrages of the first kind. We refer the interested reader to [4] for an example of such a model, where the price of a risky asset is modelled as the exponential of a Brownian bridge (see also [30] , example 3.1) However, since S is a Bessel process of dimension three, it is well-known that the process 1/S = (1/S t ) 0≤t≤T is a strict local martingale, i.e. it is a local martingale but not a true martingale (see e.g. [39] , Exercise XI.1.16). Clearly, this contradicts the fact that Q is a well-defined probability measure 5 , thus showing that there cannot exist an ELMM for S. ]), where, recalling thatV π 0 = 1, the (NA) condition precludes the existence of a trading strategy π ∈ A such that P V π T ≥ 1 = 1 and P V π T > 1 > 0. This implies that, even if Assumption B holds, the classical (NFLVR) condition may fail to hold. However, due to Theorem 2.16, the financial market may still be viable.
Remark 2.19 (On the martingale property of Z).
It is important to note that Assumption B does not suffice to ensure that Z is a true martingale. Well-known sufficient conditions for this to hold include the Novikov and Kazamaki criteria, see e.g. [39] , Section VIII.1. If Z is a true martingale we have then E Z T = 1 and we can define a probability measure Q ∼ P by letting
The martingale Z represents then the density process of Q with respect to P , i.e.
, and a process M = (M t ) 0≤t≤T is a local Q-martingale if and only if the process ZM = Z t M t 0≤t≤T is a local P -martingale. Due to Proposition 2.8-(a), this implies that if E Z T = 1 then the processS := S 1 , . . . ,S N ′ is a local Q-martingale or, in other words, the probability measure Q is an ELMM. Girsanov's theorem then implies that the process W = W t 0≤t≤T defined by W t := W t + t 0 θ u du for t ∈ [0, T ] is a Brownian motion under Q. Since the dynamics of S := S 1 , . . . , S N ′ in (2) can be rewritten as:
the processS := S 1 , . . . ,S N ′ satisfies the following SDE under the measure Q:
We want to point out that the process Z = Z t 0≤t≤T represents the density process with respect to P of the minimal martingale measure, when the latter exists, see e.g. [19] . Again, we emphasise that in this paper we do not assume neither that E Z T = 1 nor that an ELMM exists.
We close this Section with a simple technical result which turns out to be useful in the following.
Lemma 2.20. Suppose that Assumption B holds. Then an R N -valued progressively measurable process π = (π t ) 0≤t≤T belongs to A if and only if
Proof. We only need to show that Assumption B and
s. This follows easily from the Cauchy-Schwarz inequality, in fact:
< ∞ P -a.s.
The growth-optimal portfolio and the numeraire portfolio
As we have seen in the last Section, the diffusion-based model introduced in Section 1 can represent a viable financial market even if the traditional (NFLVR) no-arbitrage-type condition fails to hold or, equivalently, if an ELMM for S 0 , S 1 , . . . , S N fails to exist. Let us now consider an interesting portfolio optimisation problem, namely the problem of maximising the growth rate, formally defined as follows (compare [14] , [34] and [36] , Section 10.2). 
A trading strategy π * ∈ A (and the corresponding portfolio process V π * ) is said to be growth-optimal if g π * t ≥ g π t P -a.s. for all t ∈ [0, T ] for any trading strategy π ∈ A.
The terminology "growth rate" is motivated by the fact that:
under "controlled growth" of a := σσ ′ , i.e. lim
t dt = 0 P -a.s. (see [14] , Section 1). In the context of the general diffusion-based financial market described in Section 1, the following Theorem gives an explicit description of the growth-optimal strategy π * ∈ A.
Theorem 3.2. Suppose that Assumption B holds. Then there exists an unique growth-optimal strategy
π * ∈ A, explicitly given by:
where the process θ = (θ t ) 0≤t≤T is the market price of risk introduced in Definition 2.
The corresponding Growth-Optimal Portfolio (GOP)
satisfies the following dynamics:
Proof. Let π ∈ A be a trading strategy. A simple application of Itô's formula gives that:
where µ t − r t 1 − σ t σ ′ t π * t = 0 Due to Assumption A, the matrix σ t σ ′ t is P -a.s. invertible for all t ∈ [0, T ]. So, using Definition 2.5, we get the following unique optimiser π * t :
We now need to verify that π * = (π * t ) 0≤t≤T ∈ A. Due to Lemma 2.20, it suffices to check that
To show this, it is enough to notice that:
due to Assumption B. We have thus shown that π * maximises the growth rate and is an admissible trading strategy. Finally, note that equation (17) leads to:
where the last equality is obtained by replacing θ t with its expression as given in Definition 2.5. Equation (16) [38] . However, in all these works the growth-optimal strategy has been derived for the specific case of a complete financial market, i.e. under the additional assumptions that d = N and F = F W (see Section 4). Here, we have instead chosen to deal with the more general situation described in Section 1, i.e. with a general incomplete market. Furthermore, we rigorously check the admissibility of the candidate growth-optimal strategy.
2. Due to Corollary 2.18, Assumption B is equivalent to the absence of arbitrages of the first kind. However, it is worth emphasising that Theorem 3.2 does not rely on the existence of an ELMM for the financial market S 0 , S 1 , . . . , S N .
3. Due to equation (16) , the discounted GOP processV
satisfies the following dynamics: dV
We can immediately observe that the drift coefficient is the "square" of the diffusion coefficient, thus showing that there is a strong link between instantaneous rate of return and volatility in the GOP dynamics. Moreover, the market price of risk plays a key role in the GOP dynamics (to this effect, compare the discussion in [36] , Chapter 13). Observe also that Assumption B is equivalent to requiring that the solutionV π * to the SDE (18) is well-defined and P -a.s.
finite valued, meaning that the discounted GOP does not explode in the finite time interval [0, T ]. Indeed, it can be shown, and this holds true in general semimartingale models, that the existence of a non-explosive GOP is in fact equivalent to the absence of arbitrages of the first kind, as can be deduced by combining Theorem 2.16 and [24] , Theorem 4.12 (see also [7] and [19] ).
Example (The classical Black-Scholes model).
In order to develop an intuitive feeling for some of the concepts introduced in this Section, let us briefly consider the case of the classical Black-Scholes model, i.e. a financial market represented by (S 0 , S), with r t ≡ r for some r ∈ R for all t ∈ [0, T ]
and S = (S t ) 0≤t≤T a real-valued process satisfying the following SDE:
with µ ∈ R and σ ∈ R \ {0}. The market price of risk process θ = (θ t ) 0≤t≤T is then given by θ t ≡ θ := µ−r σ for all t ∈ [0, T ]. Due to Theorem 3.2, the GOP strategy π * = (π * t ) 0≤t≤T is then given by π * t ≡ π * := µ−r σ 2 , for all t ∈ [0, T ]. In this special case, Novikov's condition implies that Z is a true martingale, yielding the density process of the (minimal) martingale measure Q (see Remark 2.19).
The remaining part of this Section is devoted to the derivation of some basic but fundamental properties of the GOP. Let us start with the following simple Proposition.
Proposition 3.4. Suppose that Assumption B holds. Then the discounted GOP processV
is related to the martingale deflator Z = Z t 0≤t≤T as follows, for all t ∈ [0, T ]:
Proof. Assumption B ensures that the process Z = Z t 0≤t≤T is P -a.s. strictly positive and welldefined as a martingale deflator. Furthermore, due to Theorem 3.2, the growth-optimal strategy π * ∈ A exists and is explicitly given by (15) . Now it suffices to observe that, due to equations (18) and (8):
We then immediately obtain the following Corollary. In order to give a better interpretation to the preceding Corollary, let us give the following Definition, which we adapt from [5] , [24] and [35] . The following Proposition shows that if a numeraire portfolio exists then it is also unique. Proof. Let us first prove that if M = (M t ) 0≤t≤T is a P -a.s. strictly positive supermartingale such that
is also a supermartingale then M t = M 0 P -a.s. for all t ∈ [0, T ]. In fact, for any 0 ≤ s ≤ t ≤ T :
where the first inequality follows from the supermartingale property of M, the second from the supermartingale property of and the function x → x −1 is strictly convex on (0, ∞), again Jensen's inequality implies that M t is F s -measurable, for all 0 ≤ s ≤ t ≤ T . For s = 0, this implies that [25] , Section 1.1). In order to show that the two trading strategiesπ 1 andπ 2 coincide, let us write as follows:
where we have used equation (5) [5] , Section 4).
The following fundamental Corollary makes precise the relation between the GOP, the numeraire portfolio and the viability of the financial market. Proof. If the financial market is viable, Corollary 2.18 implies that Assumption B is satisfied. Hence, due to Theorem 3.2 together with Corollary 3.5 and Definition 3.6, the GOP exists and possesses the numeraire property. Conversely, suppose that the numeraire portfolio Vπ exists. Then, due to Definition 3.6, the process V π /Vπ = V π t /Vπ t 0≤t≤T is a supermartingale, for every π ∈ A. In turn, this implies that
and, hence, also in probability. Since the multiplication by the fixed random variableVπ T does not affect the boundedness in probability, this implies that the NUPBR condition holds. Hence, due to Theorem 2.16, the financial market is viable. The second assertion follows immediately from Proposition 3.7.
We emphasise again that all these results hold true even in the absence of an ELMM. For further comments on the relations between the GOP and the numeraire portfolio in a general semimartingale setting, we refer to Section 3 of [24] (see also [19] in the continuous semimartingale case).
Remark 3.10 (On the GOP-denominated market). Due to Corollary 3.9, the GOP coincides with the numeraire portfolio. Moreover, Corollary 3.5 shows that all portfolio processes V π , for π ∈ A, are local martingales when denominated in units of the GOP V π * . This means that, if we express all price processes in terms of the GOP, then the original probability measure P becomes an ELMM for the GOP-denominated market. Hence, due to the fundamental theorem of asset pricing (see [10] ), the classical (NFLVR) no-arbitrage-type condition holds for the GOP-denominated market. This observation suggests that the GOP-denominated market may be regarded as the minimal and natural setting for dealing with valuation and portfolio optimisation problems, even when there does not exist an ELMM for the original market (S 0 , S 1 , . . . , S N ) and this fact will be exploited in Section 5. In a related context, see also [7] .
According to [33] , [34] , [35] and [36] , let us give the following Definition. , defined asV According to Definition 3.11, the result of Corollary 3.5 amounts to saying that all benchmarked portfolio processes are positive supermartingales. Note that every benchmarked portfolio process is a local martingale but not necessarily a true martingale. This amounts to saying that there may exist unfair portfolios, namely portfolios for which the benchmarked value process is a strict local martingale. The concept of benchmarking will become relevant in Section 5.1, where we shall discuss its role for valuation purposes. Other optimality properties of the GOP) . Besides maximising the growth-rate, the GOP enjoys several other optimality properties, many of which are illustrated in the monograph [36] . In particular, it has been shown that the GOP maximises the long-term growth rate among all admissible portfolios, see e.g. [35] . It is also well-known that the GOP is the solution to the problem of maximising an expected logarithmic utility function, see Section 5.3 and also [24] . Other interesting properties of the GOP include the impossibility of relative arbitrages (or systematic outperformance) with respect to it, see [14] and [35] , and, under suitable assumptions on the behavior of market participants, two-fund separation results and connections with mean-variance efficiency, see e.g. [33] and [34] . Other properties of the growth-optimal strategy are also illustrated in the recent paper [32] .
Remark 3.12 (

Replicating strategies and completeness of the financial market
Without relying on the existence of an ELMM for the financial market S 0 , S 1 , . . . , S N , in this Section we start laying the foundations for the valuation of arbitrary contingent claims. More specifically, in this Section we shall be concerned with the study of replicating (or hedging) strategies, formally defined as follows.
Definition 4.1. Let H be a positive F -measurable contingent claim (i.e. random variable) such that E
where the third equality follows from Proposition 3.4. Part (a) then follows from Definition 3.11. To prove part (b), letπ ∈ A be a trading strategy such that V
soning as in (19) , the benchmarked portfolio processV
is a martingale.
Together with the fact thatV
Part (b) then follows by the same arguments as in the second part of the proof of Proposition 3.7. To prove the last assertion let (v, π) ∈ (0, ∞) × A be such that V v,π T = H P -a.s. Due to Corollary 3.5, the benchmarked portfolio processV
is a supermartingale. So, for any t ∈ [0, T ], due to part (a):
completing the proof.
Remark 4.3.
Observe that Proposition 4.2 does not exclude the existence of a trading strategyπ ∈ A such that Vv ,π T = H P -a.s. for somev > v H . However, one can argue that it may not be optimal to invest in such a strategy in order to replicate H, since it requires a larger initial investment and leads to an unfair portfolio process. Indeed, Proposition 4.2 shows that v
H is the minimal initial capital starting from which one can replicate the contingent claim H. To this effect, see also Remark 1.6.4 in [26] .
A particularly nice and interesting situation arises when the financial market is complete, meaning that every contingent claim can be perfectly replicated starting from some initial investment by investing in the financial market according to some admissible self-financing trading strategy. 
In general, the financial market described in Section 1 is incomplete and, hence, not all contingent claims can be perfectly replicated. The following Theorem gives a sufficient condition for the financial market to be complete. The proof is similar to that of Theorem 1.6.6 in [26] , except that we avoid the use of any ELMM, since the latter may fail to exist in our general context. This allows us to highlight the fact that the concept of market completeness does not depend on the existence of an ELMM. 
Define then the positive process V = (V t ) 0≤t≤T by V t :=
H . The standing Assumption A, together with the fact that d = N, implies that the matrix σ t is P -a.s. invertible for all t ∈ [0, T ]. Then, an application of the product rule together with equations (8) and (20), gives:
Pricing state that the completeness of the financial market is equivalent to the uniqueness of the Equivalent (Local) Martingale Measure, loosely speaking. However, Theorem 4.5 shows that we can have a complete financial market even when no E(L)MM exists at all. The fact that absence of arbitrage opportunities and market completeness should be regarded as distinct concepts has been already pointed out in a very general setting in [20] . The completeness of the financial market model will play a crucial role in Section 5, where we shall be concerned with valuation and hedging problems in the absence of an ELMM.
2. Following the reasoning in the proof of Theorem 1.6.6 of [26] , but avoiding the use of an ELMM (which in our context may fail to exist), it is possible to prove a converse result to Theorem 4.5.
More precisely, if we assume that F = F W and that every F -measurable positive random
s., then we necessarily have d = N. Moreover, it can be shown that the completeness of the financial market is equivalent to the existence of a unique martingale deflator and this holds true even in more general models based on continuous semimartingales. For details, we refer the interested reader to Chapter 4 of [15] .
Contingent claim valuation without ELMMs
The main goal of this Section is to show how one can proceed to the valuation of contingent claims in financial market models which may not necessarily admit an ELMM. Since the non-existence of a properly defined martingale measure precludes the whole machinery of risk-neutral pricing, this appears as a non-trivial issue. Here we concentrate on the situation of a complete financial market, as considered at the end of the last Section (see Section 6 for possible extensions to incomplete markets). A major focus of this Section is on providing a mathematical justification for the so-called real-world pricing approach, according to which the valuation of contingent claims is performed under the original (or real-world) probability measure P using the GOP as the natural numeraire.
Remark 5.1. In this Section we shall be concerned with the problem of pricing contingent claims. However, one should be rather careful with the terminology and distinguish between a value assigned to a contingent claim and its prevailing market price. Indeed, the former represents the outcome of an a priori chosen valuation rule, while the latter is the price determined by supply and demand forces in the financial market. Since the choice of the valuation criterion is a subjective one, the two concepts of value and market price do not necessarily coincide. This is especially true when arbitrage opportunities and/or bubble phenomena are not excluded from the financial market. In this Section, we use the word "price" only to be consistent with the standard terminology in the literature.
Real-world pricing and the benchmark approach
We start by introducing the concept of real-world price, which is at the core of the so-called benchmark approach to the valuation of contingent claims. 1. Notice that, due to Proposition 3.4, the real-world pricing formula (22) can be rewritten as follows, for any t ∈ [0, T ]:
Suppose now that E Z T = 1, so that Z represents the density process of the ELMM Q (see Remark 2.19) . Due to the Bayes formula, equation (23) can then be rewritten as follows:
and we recover the usual risk-neutral pricing formula (see also [35] , Section 5, and [36] , Section 10.4). In this sense, the real-world pricing approach can be regarded as a consistent extension of the usual risk-neutral valuation approach to a financial market for which an ELMM may fail to exist.
2. Let us suppose for a moment that H and the final value of the GOP V π * T are conditionally independent given the σ-field F t , for all t ∈ [0, T ]. The real-world pricing formula (22) can then be rewritten as follows:
where P (t, T ) denotes the fair value at time t of a zero coupon bond with maturity T (i.e. a contingent claim which pays the deterministic amount 1 at time T ). This shows that, under the (rather strong) assumption of conditional independence, one can recover the well-known actuarial pricing formula (see also [34] , Corollary 3.4, and [35] , Section 5).
3. We want to point out that part (b) of Proposition 5.3 can be easily generalised to any time t ∈ [0, T ]; compare for instance Proposition 10 in [16] .
In view of the above Remarks, it is interesting to observe how several different valuation approaches which have been widely used in finance and insurance, such as risk-neutral pricing and actuarial pricing, are both generalised and unified under the concept of real-world pricing. We refer to Section 10.4 of [36] for related comments on the unifying aspects of the benchmark approach.
The upper hedging price approach
The upper hedging price (or super-hedging price) is a classical approach to the valuation of contingent claims (see e.g. [26] , Section 5.5.3). The intuitive idea is to find the smallest initial capital which allows one to obtain a final wealth which is greater or equal than the payoff at maturity of a given contingent claim. 
with the usual convention inf ∅ = ∞.
2.
Suppose that E Z T = 1. As explained in Remark 2.19, the process Z represents then the density process of the ELMM Q. In this case, the upper hedging price U (H) yields the usual risk-neutral valuation formula, i.e. we have
Utility indifference valuation
The real-world valuation approach has been justified so far on the basis of replication arguments, as can be seen from Propositions 5.3 and 5.6. We now present a different approach which uses the idea of utility indifference valuation. To this effect, let us first consider the problem of maximising an expected utility function of the discounted final wealth. Recall that, due to Theorem 2.16, we can meaningfully consider portfolio optimisation problems even in the absence of an ELMM for S 0 , S 1 , . . . , S N .
1. U is strictly increasing and strictly concave, continuously differentiable;
Problem (expected utility maximisation). Let U be as in Definition 5.8 and let v ∈ (0, ∞). The expected utility maximisation problem consists in the following:
The following Lemma shows that, in the case of a complete financial market, there is no loss of generality in restricting our attention to fair strategies only. Recall that, due to Definition 3.11, A sup
Proof. It is clear that "≥" holds in (27) , since A F ⊆ A. To show the reverse inequality, let us consider an arbitrary strategy π ∈ A. The benchmarked portfolio processV
is a supermartingale, due to Corollary 3.5, and hence: 
=H ≥V
v,π T P -a.s., with equality holding if and only if the strategy π is fair. We then have, due to the monotonicity of U:
Since π ∈ A was arbitrary, this shows the "≤" inequality in (27) .
In particular, Lemma 5.9 shows that, in the context of portfolio optimisation problems, restricting the class of admissible trading strategies to fair admissible strategies is not only "reasonable", as argued in Chapter 11 of [36] , but exactly yields the same optimal value of the problem in its original formulation. The following Theorem gives the solution to Problem (26) , in the case of a complete financial market. Related results can be found in Lemma 5 of [16] and Theorem 3.7.6 of [26] . for Problem (26) is explicitly given as follows:
where Y denotes the inverse function of W. The optimal strategy π U ∈ A F is given by the replicating strategy for the right hand side of (28) . 
Conclusions, extensions and further developments
In this work, we have studied a general class of diffusion-based models for financial markets, weakening the traditional assumption that the (NFLVR) no-arbitrage-type condition holds or, equivalently, that there exists an ELMM. We have shown that the financial market may still be viable, in the sense that arbitrages of the first kind are not permitted, as soon as the market price of risk process satisfies a crucial square-integrability condition. In particular, we have shown that the failure of the existence of an ELMM does not preclude the completeness of the financial market and the solvability of portfolio optimisation problems. Furthermore, in the context of a complete market, contingent claims can be consistently evaluated by relying on the real-world pricing formula.
We have chosen to work in the context of a multi-dimensional diffusion-based modelling structure since this allows us to consider many popular and widely employed financial models and, at the same time, avoid some of the technicalities which arise in more general settings. However, most of the results of the present paper carry over to a more general and abstract setting based on continuous semimartingales, as shown in Chapter 4 of [15] . In particular, the latter work also deals with the robustness of the absence of arbitrages of the first kind with respect to several changes in the underlying modelling structure, namely changes of numéraire, absolutely continuous changes of the reference probability measure and restrictions and enlargements of the reference filtration.
The results of Section 5.3 on the valuation of contingent claims have been obtained under the assumption of a complete financial market. These results, namely that the real-world pricing formula (22) coincides with the utility indifference price, can be extended to the more general context of an incomplete financial market, provided that we choose a logarithmic utility function. , meaning that the growth-optimal strategy π * ∈ A F solves Problem (26) for a logarithmic utility function. The same computations as in (34) imply then the following:
The interesting feature of Proposition 6.1 is that the claim H does not need to be replicable. However, Proposition 6.1 depends on the choice of the logarithmic utility function and does not hold for a generic utility function U, unlike the "universal" result shown in Corollary 5.14. Of course, the result of Proposition 6.1 is not surprising, due to the well-known fact that the growth-optimal portfolio solves the log-utility maximisation problem, see e.g. [5] , [7] and [24] . Remark 6.2. Following Section 11.3 of [36] , let us suppose that the discounted GOP processV π * = V π * t 0≤t≤T
has the Markov property under P . Under this assumption, one can obtain an analogous version of Theorem 5.10 also in the case of an incomplete financial market model (see [36] , for every t ∈ [0, T ]. If the function g is sufficiently smooth one can apply Itô's formula and express M as the value process of a benchmarked fair portfolio. If one can shown that the resulting strategy satisfies the admissibility conditions (see Definition 1.2), Proposition 5.13 and Corollary 5.14 can then be applied to show that the real-world pricing formula coincides with the utility indifference price (for any utility function!). Always in a diffusion-based Markovian context, a detailed analysis to this effect can also be found in the recent paper [40] .
We want to point out that the modeling framework considered in this work is not restricted to stock markets, but can also be applied to the valuation of fixed income products. In particular, in [6] and [36] , Section 10.4, the authors develop a version of the Heath-Jarrow-Morton approach to the modeling of the term structure of interest rates without relying on the existence of a martingale measure. In this context, they derive a real-world version of the classical Heath-Jarrow-Morton drift condition, relating the drift and diffusion terms in the system of SDEs describing the evolution of forward interest rates. Unlike in the traditional setting, this real-world drift condition explicitly involves the market price of risk process.
Finally, we want to mention that the concept of real-world pricing has also been studied in the context of incomplete information models, meaning that investors are supposed to have access only to the information contained in a sub-filtration of the original full-information filtration F, see [16] , [37] and [38] .
